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DEPTH  DETERMINATION  ON  BEACHES  BY  WAVE  VELOCITY  METHODS. 


by 

R.  A*  Fiiohs 


Introduction 


During  World  War  II  extensive  applications  were  made  of  methods  for  de- 
termining water  depths  adjacent  to  ooean  beaches  by  analyses  of  timed  aerial 
photographs  of  the  waves  approaohing  the  shore.  Since  the  bottom  slopes  found 
off  sandy  ooasts  are  usually  small,  the  observable  wave  oharaoteristios  were 
related  to  the  water  depth  , h,  by  the  formula » 

„ _ L _ / g L . , 2 ir  h \'/2  m 

C=—  =(tT  tonh  — ) , W 

valid  for  small  amplitude  sinusoidal  waves  of  wavelength  L and  period  T,  and 
velocity  C in  water  of  constant  depth. 

Even  a oursory  examination  of  ooean  waves,  however,  will  reveal  a complex 
pattern  which  is  rarely  similar  to  the  idealized  wave  for  whioh  Equation  (1) 
is  valid,  fbr  this  reason  alone  one  would  expeot  appreciable  differences  be- 
tween computed  and  sounded  depths.  Suoh  differences  do  ooour  in  praotioe  and 
in  the  present  report  we  shall  investigate  to  what  extent  this  might  be  due 
to  a departure  from  the  idealized  oonditions. 

Complex  Wave  Systems 

Assume  that  for  the  region  and  time  of  interest  the  irregular  ooean  sur- 
face oan  be  represented  by  the  sum  of  sinusoidal  waves  of  suitable  amplitude, 
period,  phase  and  direction  of  motion  for  each  of  whioh  Equation  (1)  is  valid. 
Since  each  of  the  waves  travels  with  a velooity  determined  by  its  period  and 
the  depth  of  water,  a resultant  wave  orest  continually  deforms  as  it  moves. 

The  term  wave  velooity  applied  to  suoh  a orest  will  be  interpreted  to  mean  the 
horizontal  velooity  of  the  relative  maximum  of  the  surface  profile.  It  may 
be  impossible  to  distinguish  this  relative  maximum  exactly  in  aerial  photo- 
graphs and  a different  definition  of  wave  velocity  might  be  preferred.  This 
would  be  of  some  importance  for  relatively  flat  orests  for  which  the  orest 
position  shifts  rapidly.  Horizontal  (terrestrial)  photographs  of  wave  ve- 
locities may  be  erratic  for  this  reason,  as  observed  in  data  obtained  for 
ooean  waves  by  Moffitt(l/  and  for  laboratory  waves  by  Sibul(2). 

The  velooity  of  propagation  of  a sinusoidal  wave  of  small  steepness  is 
practically  independent  of  wave  amplitude.  In  a complex  wave  system,  however, 
the  crest  velooity  depends  strongly  on  the  individual  wave  amplitudes  as  we 
shall  see.  Since  stereophotography  is  generally  considered  to  be  too  complex 
for  depth  determinations,  it  would  then  appear  that  the  accurate  analysis  of 
aerial  photogrephs  for  water  depths  must  always  be  doomed  to  failure.  We 
shall  see,  however,  that  certain  waves  may  furnish  better  results  than  others. 


* 


Numbers  in  parentheses  refer  to  referenoes  listed  at  the  end  of  this 
report. 


2 


The  essential  ideas  involved  oan  be  exhibited  by  considering  the  sum  of 
two  sinusoidal  waves  of  different  amplitudes  and  periods.  We  assume  that  the 
waves  are  long-crested  and  travel  in  the  same  direotion  in  water  of  oonstant 
depth.  The  argument  involved  is  essentially  the  same  for  any  finite  number 
of  oomponent  waves  with  a single  exoeption,  whioh  will  be  noted.  The  surfaoe 
elevation  at  time  t and  at  a distanoe  x from  a fixed  vertioal  is  assumed  to  be 
given  by 


T)  ( x,  t)  = a cos  (kx  - ext)  + bcos  ( l x - y t + <£) 


(2) 


where  a and  b are  constant  amplitudes  of  the  components, 
<f>  is  a oonstant  phase  angle  and  h is  the  water  depth, 
at  points  xn  for  whioh  d_Jl.  ^ <32  V ( *o, 

ax  ‘ u ’ a x 2 


(T2  = gk  tanh  kh, 
Crests  are  located 


^ \ = 0 k sin  ( k xo  ~ c t ) + b l sin  ( l x0  - y t + (f>)  - 0 

- d-Vd{xV]  = o k2  cos  (kx0  -ert)  + b l2  cos  ( l x<r-  yl  + (f))  >0 
From  the  implioit  relation  (3),  defining  x0  as  a function  of  t, 
orest  velooity  d *o  is  found  to  be. 


(3) 

(4) 

the  horizontal 


a2  V (WO 

dx  a t . a k cr  cos  ( k xc  - o- 1 ) + b l y -os  ( 1 xa  - y t + <ft) 

d*  V fxo.t)  ok4’  cos  U x -at)  + b l2  cos  ( l x - y t + 4>  ) 

dS~ 


Notice  that  if  b = 0 , 05^0,  the  wave  motion  as  sinusoidal  and  the  wave 

velooity  is  C!  tr/MLi/Ti  where  Ll  and  Tj  are  the  wavelength  and  period  of  the 
wave,  respectively.  This  velocity  is  independent  **  the  wave  amplitude  a and 
verifies  Equation  (l)  for  a single  sinusoidal  wav  In  general  we  see  that  C 
depends  on  the  ratio  of  component  amplitudes  and  ^ a oomplsx  function  of  x and 
t as  well. 


Let  us  assume  that  of  the  two  component  velocities  " o*/k  and  Cg  = y/1  , 
Cl  is  \;he  larger.  Then  one  easily  verifies,  by  oross  multiplication,  that  at 
orest  positions  fer  whioh  the  second  oomponent  wave  with  velooity  Cg  is  above 
the  still  water  level  C < Ci,  while  at  crests  for  which  the  first  oomponent 
is  positive  Cg<C.  Now  one  will  usually  enoounter  the  highest  waves  in  a com- 
plex wave  system  when  the  oomponent  waves  constructively  reinforoe  each  other, 
i.e.,  both  17,  s a cos  (kx-at)  and  tj2  = b cos(lx-y t + ^»)are  positive.  For  suoh 
orests  we  then  have  C2<C  < Ci.  This  constructive  reinforcement  at  orests  is 
illustrated  in  Figure  1 by  several  examples  taken  from  a report  by  Mathewson'^ 
If  one  finds,  for  example,  periods  of  10  to  12  seconds  one  would  expect  the 
orest  velooities  of  the  high  waves  to  fall  in  the  small  interval  between  the 
velocities  of  the  10  and  12  second  period  waves.  Small  orests  do  not  ne- 
oessarily  satisfy  the  conditions  that  both  components  are  positive  and  henoe 
their  velooities  may  fall  far  outside  of  the  interval  Cg<C<Ci.  One  oan, 
by  a suitable  ohoice  of  amplitude  ratio,  periods,  and  depth  of  water,  obtain 
crests  whose  velocities  at  some  instant  vanish.  Suoh  phenomena  have  been  ob- 
served in  the  laboratory  for  very  flat  crests.  Similar  results  are  possible 
for  three  or  more  component  waves.  If  the  largest  velooity  of  a component  is 
Ci  and  the  smallest  C2,  then  for  crests  at  whioh  all  oomponents  constructively 
reinforoe  each  other  C2<C<Ci« 
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In  order  to  illustrate  these  results  we  consider  two  sinusoidal  waves 
ol  oqjal  amplitude  with  periods  of  5.23  and  5.86  seconds  in  20  feet  of  water. 
The  corresponding  wavelengths  are  116  and  131  feet  and  the  wave  velocities 
21.7  and  22.3  i\./seo.,  respectively.  3he  resultant  surface  profile  is  plot- 
ted in  Figure  2 for  five  instants  2.88  aeoonds  apart.  Hie  orest  velocity,  C, 
is  obtained  by  dividing  the  distance  traveled  by  a orest  between  successive 
graphs  by  2.88  seconds^  Jhe  wave  length,  L at  a crest  position  is  linearly 
interpolated,  i.e.,  L ^ w^ere  and  Lg  are  measured  wave  lengths  on  eithe 

side  of  the  orest  considered  at  the  given  instant.  Hie  period  T is  taken  as 
an  average  of  periods  before  and  after  the  instant  considered.  Using  L and  C, 
Crest  (2)  in  Figure  2 was  found  to  give  depths  of  23.5,  23.0,  22.2  and  19.0 
feet  for  times,  t,  of  -5.76,  -2.8C,  0,  2.88  seconds,  respectively;  Crer,t(3) 

gives  depths  of  22,5  and  26.0  feet  for  t s 0,  2.88  seconds;  Crest  (4)  gives 
a depth  of  18.1  feet  for  t ■ 0.  It  was  found  that  if  crests  are  ohosen  whose 
amplitudes  are  larger  than  l/lO  of  their  maximum  values,  the  oomputed  depth  io 
within  10  percent  of  the  correct  depth.  One  sees,  however,  that  considerable 
scatter  of  oomputed  depths  results  from  using  small  waves. 


In  a complex  wave  system  the  term  wave  period  loses  its  usual  significance. 
Although  it  is  possible  to  accurately  measure  a orest  velocity,  the  period  to 
be  associated  with  it  may  be  subject  to  considerable  uncertainty.  If  the 
period  is  sufficiently  large  for  a fixed  depth,  this  depth  may  be  calculated 
rather  accurately,  as  illustrated  in  Figure  3,  since  the  depth  is  relatively 
insensitive  to  period  changes.  As  a wave  approaches  shallow  water,  C ap- 
proaches ^/ph  , a result  independent  of  period.  It  is  important  to  note  that 
this  latter  equation  can  be  derived  quite  independently  of  Equation  (1),  with- 
out the  assumption  of  periodicity.  One  would  therefore  expect  that  good  re- 
sults can  be  had  in  depth  analysis  if  long  period  waves  are  used,  and  that 
poorer  results  will  generally  result  from  use  of  short  period  waves.  To  il- 
lustrate this  point,  we  have  plotted  in  Figure  3 several  points  taken  from  an 
analysis  of  aerial  photographs  of  ocean  waves  by  Moffitt(^),  Since  the  depth 
rapidly  changes  with  period  in  the  immediate  neighborhood  of  some  of  these 
points,  one  would  expeot  to  find  relatively  large  errors  in  computed  depth 
there,  and  this  proves  to  be  the  case. 

Since  the  spread  of  velocities  is  greater  in  deep  water  than  in  shallow 
water  for  the  same  spread  of  periods,  waves  in  deep  water  are  more  irregular 
than  in  shallow  water.  Irregular  waves  in  deep  water  rapidly  deform  as  they 
move,  eventually  disappearing  completely.  To  illustrate  this  lack  of  per- 
manence of  wave  form  and  its  dependence  on  depth,  consider  a wave  system  formed 
by  adding  two  sinusoidal  waves  of  periods  8 and  12  seconds.  The  velocities 
of  these  waves  in  several  -water  depths  are  tabulated  below: 


h 

20' 

50' 

100' 

C 

T = 8 sec. 

23 

33 

39 

ft/seo. 

T * 12  sec. 

24 

37 

48 

We  see  that  in  100  feet  of  water  the  component  crests  rapidly  separate 
and  a orest  may  well  disappear.  On  the  other  hand,  in  50  feet  of  water  the 
difference  of  velocities  is  so  small  that  a crest  preserves  its  identity  until 
it  breaks.  A large  fixed  degree  of  deformation  of  a crest  will  occur  when  the 
larger  period  wave  moves,  relative  to  the  smaller,  one  half  of  the  wave  length 
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of  the  smaller  period  wave*  For  h = 100  feet  the  elapsed  time  is  17  seo., 
corresponding  to  a travel  distanoe  of  825  ft.  For  h s 50  feet,  the  time  is 
36  seo.  and  the  travel  distance  1360  ft.  For  h ■ 20  feet  the  time  is  105  seo. 
and  the  distanoe  is  2S00  ft.  Thus  it  appears  quite  likely  that  ooean  waves 
will  preserve  their  identity  on  a beach  from  say  50  feet  depth  up  to  the 
point  of  breaking.  It  will  be  relatively  easy  to  follow  orests  in  shallow 
water  and  the  problem  of  depth  determination  is  thereby  simplified. 

Fburier  Analysis 

In  view  of  the  fact,  just  demonstrated,  that  the  water  depth  can  not  be 
determined  exactly  from  an  analysis  of  timed  aerial  photographs  of  oomplex 
waves,  it  is  of  interest  to  see  if  the  exact  determination  is  possible  if  com- 
plete data  arc  available.  For  this  purpose  irregular  waves  were  generated  by 
manual  operation  of  the  wave  flapper  in  the  laboratory  wave  channel  and  con- 
tinuous readings  of  surface  elevation  were  made  at  two  points  3.47  feet  apart 
in  water  of  constant  depth  2.21  feet.  Let  us  assume  that  a wave  record,  as  a 
function  of  time,  t,  is  given  over  the  finite  interval  -T<  t < T and  oan  there- 
fore be  represented  in  this  interval  by  the  Fburier  series 


17  (x,  t)  - + ]T  as  cos  S“Y"-t  + bs  sin  5 7r  1 


y T U$  Sill  y 

so 

where 

rr  /*T 

°S  1 T / *>?(  X,  t)  cos  d t , b5  - 4"  / 1 (x,  t)  sin  * ^ 1 d t 

-T  -T 

This  equation  for  tj can  also  be  written  in  the  form 


?7  (x,  t)  = y + X Vos  1 + bs4  COS  ( -Mp-  _ <£s  ) 
so 

where  tan  ^>s  ~ bs  /os  . In  this  form  we  see  that  $ s = ks  x + #s,  where  k8  is 
the  wave  number  2?r/Lsoorresponding  to  the  period  T/2sj  and  9%  is  the  phase  of 
this  oomponent  at  t ■ 0,  x ■ 0.  By  Fourier  analysis  we  find  both  bs  and  ag 

and  hence  for  two  different  values  of  x.  Subtraoting  we  get  ksD,  D being 
the  horizontal  distance  between  elements  which  is  3.47  ft.  in  our  case.  Fkom 
this  we  can  oompute  the  water  depth  since  the  period  T/2s  is  known. 


This  prooess  was  applied  to  a finite  wave  train  which  lasted  for  13.5  sec. 
(see  Figure  4).  For  a oomponent  wave  having  a period  of  1.5  secon.s  the  com- 
puted depth  was  2.18  feet.  Of  course  many  more  oases  would  have  to  be 
analysed  before  definite  statements  as  to  the  success  of  the  method  could  be 
made.  However,  it  appears  likely  on  the  basis  of  this  single  example  that 
the  depth  oan  be  computed  if  one  has  complete  information.  Unfortunately 
this  information  is  lacking  in  the  data  usually  gathered  for  depth  determi- 
nation purposes. 

Wave  Crest  Velocities  on  a Sloping  Beach 

In  deep  water  the  crest1  velocity  is  independent  of  depth  and  therefore 
independent  of  bottom  slope.  The  effeot  of  depth  on  the  velocity  inoreases 


5 


as  the  depth  deoreasos,  being  largest  in  the  very  shallow  water.  We  shall, 
therefore,  investigate  the  effeot  of  beach  slope  on  orest  velocity  in  shallow 
water,  and  if  it  is  negligibly  small  here  it  will  also  be  negligible  in 
deeper  water. 


Explioit  formulae  are  available  for  describing  the  motion  of  small 
amplitude  shallow  water  waves  on  a beaoh  of  constant  sloped).  Progressive 
waves  traveling  toward  shore  with  crests  parallel  to  the  shore  line  have  a 
surface  profile  wnioh  can  be  expressed  in  terms  o**  the  regular  and  singular 
Bessel  functions  J0  and  Y0  in  the  form 

Tj  ( X,  t ) - A [ cos  ( a t - € ) Y0  (z)  + sin  ( a t - e ) J0  ( z ) ] 

where  q is  the  beaoh  slope,  £ the  phase  angle,  A the  oonstant 

amplitude  factor,  m - a2/g  , a - 2t/T1  T is  the  wave  period  and  x is  the 
horizontal  distance  measured  out  from  the  shore  line.  If  we  denote  x0  the 
x-value  of  a wave  crest,  then  d V (x0,t)«  o,  or 

d x 


cos  ( cr  t - f ) Y0  '(20)+  sin  (at-  e)  J0  ' (z0  ) = 0 , 
the  prime  denoting  differentiation  with  respeot  to  the  argument  z and  zQ  * 

This  equation  defines  x0  implicitly  as  a function  of  t.  Thuc  the 
orest  velocity  is  2 


Vc  = - 


d T)  (xa,t) 
d x.  dx  dt 


d t 


!*■ 


sin  (o~t-c)  Yq'Uq)  + cos  (cr  t - c)  Jp'tZp) 
cos  (crt- f ) Y0"(z0)  + sin  (o' t- c )J0*(z0) 


--  Vqh" 


Jo'2  (Zn  ) + Y0/2  (z0  ) 


Jor(ze)  Y„  11  (z0)  — J0 11  (ze)  Y0  1 (z0  ) 


It 
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Employing  some  identities  for  Bessel  functions  (see  (6),  p.  76)  this  can  be 
written  in  the  form 


Vc  : ( Ji  2 (z0  ) + Y|  2 (z0  ) ) . 

Por  larg^  zQ  we  have  approximately  (see  (6),  p.  224) 

Vc  • \/q^"  1 {l- 3- 5 ( 2m  - t ) } 

m=o  J d zQ 

Z { 1 + 2 zz  • 2Z  I!  “ 2*-z«-2«-  21  ■*  } 

where  (1,0)  = 1 (l,m)  , (4-  I2)  (4 -3Z)  (4-(2m-l)z)  for  m >0. 

2 2 m-  m ! 

The  remainder  after  p terms  in  this  series  is  of  the  same  sign  as,  and 
numerically  less  than,  the  p+l-th  term,  therefore,  the  ‘■’•ror  involved  in 
the  use  0 fv/§I  as  an  approximation  for  Vc  is 
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To  take  a somewhat  extreme  case  for  depth  determination,  oonsider  T - 10  seo., 
h a 10  ft.,  q » l/l v.  Then  AV0  * 0.77  - 0.14+  ...  peroent.  If  q ■ l/6  and 
still  T ■ 10  seo. , h •»  10  ft.,  then  AV0  * 3.06  - 2.34  + ....  percent.  We 
see  that  for  beaohes  with  slopes  less  than  l/lO  the  effeot  of  slope  is  very 
small  and  begins  to  be  appreciable  for  slopes  of  about  l/5. 

For  slopes  larger  than  about  l/lO  for  which  the  series  approximation  is 
no  longer  rapidly  convergent,  we  write  V0  in  terms  of  the  Bessel  function 

H|(l>  ( x ) . Sinoe  H,(l>(x)  = J,  ( x ) + iY,  (x), 

vc  > ^ ih,,'>  (z0) i* 


and  AVc  = I H,1"  (z0>  I2  - I , 

whioh  is  plotted  in  Figure  5.  In  this  graph  we  find  that  for  T - 10  seo., 

h ■ 10  ft.  and  q - 1/5,  AV0  s 2.8  peroent  while  if  q ■ 1/10,  T ■ 10  sec., 
h - 10  ft.,  A V0  = 0.73  peroent.  Wince  the  error  in  deptn  is  approximately 
tvd.ce  the  error  in  orest  velocity,  the  errors  in  depth  in  these  cases  are 

about  5.6  percent  and  1.5  peroent,  respectively.  This  is  still  small  if  one 

is  interested  in  depths  to  within  one  foot, as  is  usually  the  case  for  am- 
phibious landings. 

Wave  Lengths  on  a Sloping  Bottom 

A uniform  wave  train  progressing  towards  shore  has  a constant  period 
independent  of  water  depths  and  a orest  velocity  whioh  is  nearly  ^/gh,  as 
we  have  just  seen.  However,  the  wave  length  to  be  associated  with  the  measured 
period  and  velocity  is  not  direotly  measurable , for  the  distance  between  crests 
varies  continuously  with  depth.  A method  of  graphical  integration  has  been 
proposed  by  Johnson  (7)  for  obtaining  the  observed  wave  lengths  on  a beach. 

Such  oaloulations  can  be  performed  numerically  in  a somewhat  different  form 
as  we  now  show. 


Let  x be  the  horizontal  distaaoe  measured  in  the  direction  of  wave 
travel  direotly  toward  shore  with  origin  at  the  "deep  water  point"  for  whioh 
h/5. 12T^  ■ 0.5.  The  bottom  profile  will  be  desoribed  by  its  Taylor  series 
expansion 


x0 


x = a,  h + a2  h2  + • • • 


where  xQ  is  the  distance  from  shore  to  deep  water.  Assuming  that  the  bottom 
slope  is  sufficiently  small,  the  instantaneous  wavo  velooity  is 


r - d x . _L_ 
u " dt  * T 


_ll 

2 t r 


tanh 


2 it  h 
C T 


where  L is  here  a fictitious  instantaneous  wave  length. 


Consider  a wave  whose  surface  profile  has  the  form 

rj  ( x , t ) = o ( x ) cos  ( <£  ( x ) - a t ) 

where  a(x)  Is  a slowly  varying  function  cf  x.  In  analogy  to  the  interpretation 
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of  o for  ooostant  depth,  we  define  the  ware  velooity  in  the  general  oaae  as 
cr  <r 


C * 


Thus 


TT 

d x 


k 

Ztr 


*--L 


k dx  + constant. 


d 4>  . , 

d%  z k s ~T~  or 

We  choose  foe  oonstant  to  be  zero  which  amounts  to  choosing  the  phase  as  zero 
when  x * 0 and  t * 0.  Thus, 


2 TT 


1/2 


* - (t> 


( a i + 2 a 2 h + 
h 


+ 2 a; 


h 

/•To 


)kdh 
h 


fc  ‘(fc) 


f L°  j 


where  — *}•  . n c 

5.12  T2  u-c>  * 

If  we  denote  by 


* ‘(f.) 


Jl 

u 


(£)■/* 


'h_ 

L© 


cs(c)+jfs(c;)d(fc) 


r. 


we  have 


= “i  s (£■)  + 2 


TV  = “i  3 Vl7/  T £ “2  Lo  R (f7)  + • • • • 

(A 

The  quantity  i 9 2 tr  • ,lhioh  might  bo  oalled  the  wave  length  index,  takes 
on  integral  values  only  at  the  wave  crests  for  t = 0.  Henoe  by  computing 
the  integrals  as  functions  of  hAp  we  can  determine  the  orest  positions  for 
t = 0,  or  more  generally  for  arbitrary  t by  subtracting  t/T  and  thus  we 
determine  the  wave  lengths.  The  functions  S /-—N  and  R / h \ are  tabulated 
in  Table  1.  'Lo/ 


If  the  wave  length  changes  slowly  with  depth,  as  for  a very  flat  beaoh, 
the  integrals  oan  be  estimated  and  we  find  approximately  that  the  oomputed 
wave  length  is  associated  with  the  water  depth  midway  between  orests.  Hie 
orest  positions  and  thus  the  wave  lengths  involved  can  be  used  together  with 
the  assumed  period  to  compute  a depth  from  the  equation 


tanh 


2 t h 
L 


This  depth  can  be  oompared  directly  with  the  known  depth  midway  between 
orests,  or  by  interpolation  the  wave  length  at  a orest  oan  be  compared  with 
the  depth  there.  The  latter  comparison  is  made  in  Thble  2 for  beaoh  slopes 
of  l/40  and  l/lOO  and  wave  periods  of  20,  15,  10  and  5 seconds.  actual 

error  in  these  cases  is  quite  small.  There  is  a noticeable  increase  in 
error  with  inorease  in  beach  slope. 


k similar  calculation  has  been  made  for  a parabolic  beach  profile  whloh 
rather  olosely  fits  the  profile  sounded  at  Davenport,  California  (Figure  6). 
In  Table  3 the  oomputed  depth  is  compared  with  the  depth  beneath  a orest  for 
wave  periods  of  20,  15,  10  and  5 seconds.  The  error  increases  rapidly  with 
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I 


I 


depth,  ref  looting  the  rapid  inornase  of  the  quadratio  term  in  the  equation  of 
the  beach  profile.  Reoalling,  however,  that  in  the  aotual  oaee  of  the  Davenport 
beaoh  the  agreement  betireen  the  parabola  cud  the  sounded  profile  id  reasonably 
good  only  over  the  depth  range  of  0 to  40  feet,  the  final  agreement  is  quite 
good. 

Short-ores ted  Waves 

Waves  are  oalled  short-orestea  when  their  height  varies  transversely  to 
their  direotion  of  propagation.  Long-orested  waves  on  the  other  hand  have 
long  straigit  orests  oharaoteristio  of  swell  from. a distant  storm.  It  is  found 
that  winds  blowing  in  a single  direotion  oan  raise  short-orested  waves  traveling 
in  this  direotion*!  Si'noe  all  ooean  waves  are  more  or  less  short-crested  it  is 
customary  to  reserve  the  name  short-orested  for  waves  for  whioh  the  distanoe 
between  oonseoutive  heights  is  of  the  same  order  of  magnitude  in  any  direo- 
tion. %e  motion  of  periodio  short-orested  waves  has  been  investigated  by  the 
author  (®)in  somQ  detail,,  beginning  with  the  hydrodynamic  equations.  For  waves 
of  small  steepness  a periodio  4hort-orested  wave  oan  be  represented  as  the  sum 
of  two  periodio  long-orested  waves  interseoting  at  an  ahgle,  both  waves  having 
the  same  height  and  period.  Thus  a simple  derivation  of  the  wave  velooity 
formula  is  made  possible  by  basing  it  on  the  formula  for  long-orested  waves. 

To  a first  approximation,  for  whioh  the  waveheight  to  wavelength  ratio 
is  small,  the  surface  elevation  of  a short-orested  wave  can  be  written  in  the 
form 


i . \ / 2 v 2ir  t \ 2 ir 

Tj  ( x , y , t ) = a cos  ( x - — f ) cos  -£T  y 

where  x,  y are  horizontal  coordinates  measured  in  the  direotion  of  and  per- 
pendioular  to  the  direotion  of  propagation,  respectively,  L is  the  wave- 
length in  the  direotion  of  travel, L'  is  the  wavelength  at  right  angles  to 
this,  T is  the  wiyve  period,  and  a is  the  amplitude,  lhis  oan  be  written  in 
the  fora 


t?(x,  V,  t)  = cos  ( 2tt  (-*-  + -fr)  - ) + f cos  ( 2ir(i--f- ) _ -2_E_L) 

whioh  demonstrates  that  a short-orested  wave  oan  be  represented  as  the  sum 
of  two  long-orested  waves.  Hie  first. ^.ong-orested  oomponent  wave  above 
has  orests  parallel-  to  the  line  y ■ — x while  the  seoond  has  orests 
parallel  to  the  line  y = JiL  x . Let  L0,o0  and  T be  the  wavelength,  velooity 
and  period  of  one  of  the  iong-orested  waves,  and  0 and  T the  velooity  and 
period  of  the  short-orested  wave.  Denoting  by  2 a the  angle  between  the  two 
lines  of  orests,  we  see  from  the  slcetoh  below 


thau  L0  ■ L oos  a s L’  sin  a 


Therefore 


co*  a 


cos  a 
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In  water  of  oonstant  depth, h,  the  velooity  of  a long-orested  wave  is  given  by 

c0*  : -f-^r  ,anh  I0h  • 

Substituting  for  C0  and  L0  in  terms  of  L and  L'  we  find  that 


r2=  q L 
2tt  cos  a 


tanh 


2 7T  h 

L cos  a 


JiL_ 

2 7 r 


-s/ 1 + (rO*  ,anh  ( <\/l+(F)2 ) 


whioh  is  the  formula  derived  in  an  earlier  report  by  the  author(®)  direotly 
from  the  hydrodynamio  equations.  This  formula  has  been,  applied  by  Moffitt**) 
to  aerial  photographs  of  waves  at  Clatsop  Spit,  Oregon.  It  appears  that 
for  -the  purpose  of  depth  determination  the  waves  used  were  praotioally  long- 
orested  although  thJey  appear  at  first  sight  to  be  short-orested.  It  appears 
from  considerations  in' the  following  seotion  that  in  the  depths  of  interest 
for  amphibious  operations  waves  are  nearly  always  long-orested  if  they  have 
periods  larger  than  about  5 seconds. 


Refraotion  of  Short-orested  Haves 


Short-orested  waves  oan  arise  on  a sloping  beach  either  as  the  direot 
result  of  long-orested  waves  approaching  the  beach  from  different  storm 
areas  or  by  seleotive  refraotion  of  long-orested  waves  ooming  from  a distant 
storm  area  and  having  a broad  frequenoy  speotrum.  Consider  a regular  short- 
orested  wave  system  mado  up  in  deep  water  of  two  sinusoidal  wave  trains 
whioh  approach  the  shore  line  with  orests  making  angles  of  a and  180°- O 
with  this  line  as  shown  below 


shoreline 


Let  L,  L'  be  the  wavelengths  of  the  short-orested  wave  in  direotions  parallel 
and  perpendicular  to  the  shore  line,  respectively.  The  ratio  U/l  measures  the 
extent  to  whioh  the  waves  are  short-crested.  Waves  for  which  L’/L  is  near 
unity  are  oalled  short-crested  while  if  L'A  is  much  larger  than  one  the  waves 
are  called  long-crested.  The  initial  value  of  the  ratio  in  deep  water  is 
(L'A)  ■ cot  a o , ao  being  the  value  of  a for  deep  water  conditions.  Using 
Snell's  law  for  the  refraotion  and  published  tables  of  funotions  if  h/hQ  we 
have  plotted  L'/L  us  a function  of  h/Lo  and  h/t»  in  Figure  7.  As  an  example 
we  find  from  this  graph  that  a short-orested  wave  of  13  second  period,  having 
L'A  ■ 1 in  deep  water  will  have  approximately  L'A  * 4 for  h = 22  ft.  and 

L'A  " ® f°r  h * 11  ft.  If  we  limit  the  region  of  interest  for  dopth  de- 
termination to  depths  less  than  25  feet,  the  error  in  depth  due  to  negleot- 
ing  the  short-orested  nature  of  the  waves  will  be  of  the  order  of  3 peroent 
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for  a 16  second  period.  These  results  are  in  rough  agreement  with  the  re- 
sults presented  by  Side  and  Panton  (9)  who  find  that  short  crested  waves 
attain  the  value  L '/L  ■ 5 at  d /L  of  about  l/l3. 

According  to  Snell's  law  the  refraction  of  a wave  on  a sloping  beaoh 
depends  on  the  period  of  the  wave  and  the  depth  of  water  as  well  as  on  the 
initial  aqgle  of  approach.  Thus  by  selective  refraotion  an  irregular  long- 
orested  wave  approaching  a beach  in  a direotion  other  than  at  hormal  in- 
cidence will  be  separated  into  a series  jf  long-crested  waves  moving  in  dif- 
ferent directions  toward  the  beach.  In  shallower  water  the  wave  pattern  will 
again  tend  to  be  long-crested  since  all  component  waves  tend  to  align  them- 
selves with  the  shoreline.  In  Fig.  8 we  have  platted  the  angular  divergence, 

A a , of  crests  for  two  waves  having  periods  5 sec.  apart  beginning  with  T s4,9 
and  ending  with  T z 10,16  for  initial  angles  of  50°  and  70°.  For  the  shallow 
depths  of  direct  concern  in  amphibious  operations  one  sees  again  that  there  is 
little  divergence  of  crests,  the  waves  being  nearly  long-crested. 

Conclusions 

These  studies  result  in  several  important  rules  for  selecting  particular 
waves  from  a complex  wave  system  whose  analysis  should  lead  to  improved  re- 
sults in  depth  determination.  It  is  shown  that  high  waves  will  probably  give 
more  consistent  results  than  low  waves  in  the  same  system.  Long  period  waves 
are  preferable  to  short  period  waves  for  analysis  since  the  depth  is  relatively 
insensitive  to  period  in  such  oases. 

Factors  complicating  the  analysis  include  the  effect  of  beach  slope, 
short-crested  wave  patterns,  change  in  form  of  the  wave  orests,  and  contin- 
uous variation  of  wave-length  with  depth.  It  is  shown  that  for  beach  slopes 
of  less  than  about  l/lO  the  orei't  velooity  of  small  amplitude  waves  in  shallow 
water  is  independent  of  slope  and  depends  only*on  the  depth  immediately  below 
a crest.  Since  thb  effect  of  depth  decreases  as  the  depth  increases,  the 
errors  due  to  neglect  of  slope  in  the  wave  velocity  formula  should  be  negli- 
gible! for  slopes  less  than  l/lC.  For  these  cases  the  maasured  wave  length  can 
be  rather  accurately  associated  with  the  depth  midway  between  crests,  and  the 
wavelength  at  a crest  oan  be  obtained  by  linear  interpolation.  Since  waves 
of  any  sufficiently  large  period  move  with  the  same  velocity,  */&.,  in  very 
shallow  water,  individual  wave  orests  maintain  their  identity  near  shore  and 
thus  can  be  followed  for  purposes  of  depth  determination.  4e  have  seen  that 
crest  velocities  generally  depend  on  wave  amplitudes  which  are  not  obtainable 
directly  from  the  usual  aerial  photographs.  If  complete  surface  time  histories 
axe  available,  the  depth  could  probably  be  computed  exactly  as  is  shown  in  a 
Jingle  example.  Thus  the  exact  analysis  is  impossible  due  to  _ack  of  suf- 
ficient data;  but  if  the  suggestions  listed  above  are  followed  it  is  believed 
that  sufficiently  accurate  results  can  be  obtained. 
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TABLE  II 


COMPARISON  OF  TRUE  AND  COMPUTED  DEPTHS  FOR  STRAIGHT  BEACHES  OF  SLOPE  a 

d"  1/40 
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5 
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Computed 
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Computed 
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Computed 
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Computed 

d 

d 

d 

d 

d 

d 

d 

d 
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242.7 
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i"  GURE  I 


SURFACE  PROFILES  OF  THE  SUM  OF  TWO  SINUSOIDAL  WAVES  AT  VARIOUS  TIMES 
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TIME,  SECONDS 


WAVE  LENGTH  RATIO,  L'/L,  VERSUS  d/L«  (d/L)  FOR  VARIOUS  INITIAL  REFRACTION  ANGLES 
OF  A SHORT-CRESTED  WAVE  APPROACHING  THE  BEACH  AT  RIGHT  ANGLES 


ANGULAR  DIVERGENCE  OF  CRESTS  OF  TWO  WAVES  OF  DIFFERENT  PERIODS 
APPROACHING  THE  BEACH  AT  AN  ACUTE  ANGLE 
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